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ABSTRACT

Correspondence Analysis (CA) is a statistical technique used to map relationships between
qualitative variables. It visualizes data in a low-dimensional space, enabling the interpretation
of complex relationships. This study addresses the challenge of visualizing contingency tables
with more than three categories using Singular Value Decomposition (SVD) for dimensionality
reduction. We apply this approach to stunting data collected by the Indonesian Population
Coalition in 2023, focusing on variables such as the district of residence, fever management
methods, educational level of caregivers, and sources of information on stunting. The analysis
reveals significant associations among these variables, providing insights that could inform
public health strategies. This work underscores the utility of CA and SVD in handling high-
dimensional qualitative data, particularly in health-related studies.

Keywords: Correspondence Analysis, Singular Value Decomposition, Stunting, Dimensionality
Reduction, Public Health

1 INTRODUCTION

Correspondence Analysis (CA) is a multivariate analysis method that studies the relationships
between two or more qualitative random variables. CA is used to convert categorical data into
principal coordinates, which are then used to construct low-dimensional maps (Tuffery, 2018).
The input for CA is a contingency table, also known as a cross-tabulation table. A contingency
table illustrates the frequency distribution of two or more categorical variables. Each cell in
the contingency table results from counting the number of combinations of row variables (v.b)
and column variables (v.k) observed. The matrix where each element represents the
frequency from the contingency table is called the cross-tabulation matrix, usually denoted

by matrix N = (nij) of size I x J with I,] > 2. CA calculations often use the correspondence
matrix, where each element is the frequency relative to the total number of observed
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objects/individuals. Generally, the correspondence matrix is denoted by matrix P = (pl-j) =
(nij) of size I xJ.

n.

A fundamental concept of CA is the row profile and column profile of the cross-tabulation
matrix N, Tuffery [18]. Let the row profile and column profile matrices of size I x ] be
denoted as P.qw and P, respectively. The elements of the row profile and column profile
are the relative frequencies with respect to the number of objects/individuals. The columns
of the row profile and column profile represent the position vectors of the observed
categories, which can be visualized in a plot. However, this is only applicable when the
contingency table has no more than three categories. If there are more than three variables,
the row and column profile vectors cannot be directly visualized, necessitating a
dimensionality reduction process such as Singular Value Decomposition (SVD). This
decomposition is performed on the standardized residual matrix Z, which represents the
association between row variables and column variables.

The case study uses stunting data from the Indonesian Population Coalition in 2023. Stunting
is a developmental disorder in children caused by a lack of nutrition. In 2022, the stunting
rate in Indonesia reached 21.6%, exceeding the World Health Organization's standard
threshold, making stunting a serious public health issue, Kementerian Kesehatan Republik
Indonesia [14]. Factors contributing to stunting involve a complexity of aspects such as
inadequate nutrition, recurrent infections, poor sanitation, inappropriate disease
management in infants, and limited healthcare services. The characteristic of stunting can be
seen in a child's height being shorter than the age standard, World Health Organization [20].
The selection of stunting data as the focus of the research is based on the urgency of this
public health issue in Indonesia. The case data to be analysed includes aspects of education,
social, and environmental factors, such as: the district where the child’s guardian resides and
the management of fever in infants for CA 2 x J, as well as the highest level of education of
the guardian and sources of stunting information for CA 3 x J.

CA is also associated with the chi-square test y?, allowing the hypothesis of dependence to
be tested using Pearson's ratio matrix ¢, Beh and Lombardo [3]. The reduction of Pearson's
ratio matrix ¢ results in a standard residual matrix Z, which serves as the basis for SVD to
obtain orthonormal left and right singular matrices. Since the left and right singular matrices
are orthonormal, their vector lengths are 1 and the principal coordinates will range between
-1 and 1. Principal coordinates are obtained from the SVD result matrix, allowing the creation
of an AK map with reduced dimensions, Beh and Lombardo [3]. This methodological approach
underscores the utility of CA and SVD in public health research, particularly in addressing
complex issues like stunting.

2 THEORY

2.1 Correspondence Analysis

Suppose there are two categorical random variables X = {1,2,...,I1} and Y = {1,2, ...,]}, with
I,] > 2. Each of X and Y are random variables for rows and columns. Thus, a two-way
contingency table can be constructed where n;; is the frequency in row i and column j, n; is
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the marginal frequency for row i, n; is the marginal frequency for column j, and n. is the
total frequency. From the contingency table, the cross-tabulation matrix N = (nij), row

profile matrix Prow = (%) and column profile matrix P., = (%) can be constructed.
i J

Furthermore, the correspondence matrix from the relative frequencies with respect to the
total observations is P = (p;;) = ( ) Let7#=(1 T2 .. )T wherer; =YL 1 and ¢ =

(¢1 €z - )T where ¢j = Zi=11:1_‘ A matrix Z can be constructed involving the marginal

probability mass functions of the row variables ¥ and the column variables ¢, Beh and
Lombardo [3].

ni._nln.]
Z = dia P-rcNdiag—= = | —= 1
9=( Jdiag — < N ) (1)
Table 1 Contingency Table I x J
X 1 2 J Total Baris
1 nqq Nq, nyy ny.
2 Ny Moy Ny ny
l Ny Ny ny ny
Total Kolom n, n, n; n.

The Pearson Chi-Square test is used to determine whether there is a dependence between
two categorical random variables. Let P(X = i,Y = j) = p;j, P(X = i) = p;,and P(Y =) = p.;.
The hypotheses are formulated as follows:

Ho:pij = pi-p.j; Hi:pij # piD-j (2)
The x? statistic for H, is given by:
2

LY
i =n Sy, e ) Ly e (_)) 3)

with degree of freedom v = (I —1)(J — 1).H, is rejected when p-value is smaller than the
significance level a, Walpole et al. [19].

2.2 Singular Value Decomposition

Let K = min{/,J}, SVD decomposes the standard residual matrix Z into the product of three
matrices:

Z = A A BT
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(I x]) I xK) (KxK) (Kx]) 4)
Then, matrix M can be constructed as follows:
M= {ZZT = AABTBAAT = AN?AT jikal <]

e o 5
ZTZ = BAATAABT = BA?BT jikal > | ()

Columns I x K of matrix 4 are the orthonormal eigenvectors of ZZT, while columns J x K of
matrix B are the orthonormal eigenvectors of ZTZ. Since the columns of 4 and B are
orthonormal. ATA = BTB = I, Beh and Lombardo [3]. The orthonormal eigenvectors in the
columns of 4 correspond to the eigenvalues of ZZT, similarly, the orthonormal eigenvectors in
the columns of B correspond to the eigenvalues of ZTZ. The values 14, 15, ..., A¢ in the matrix
A= diag(\/21,/22, ..,.\/Ax) are the eigenvalues of ZZT or ZTZ. The values \/1;,,/2;, ...,\/2x in
matrix A are called the singular values of Z. Subsequently, row and column coordinate

matrices representing the positions of the row and column variables can be obtained, Beh and
Lombardo [3].

F = diag %EA (6)
G= diag%T}TA 7)

The proportion of data variance explained by the CA map of the principal coordinates is
indicated by the inertia value. The total percentage of inertia across all coordinate axes on
the CA map is 100%. The total inertia on the CA map is given by X, 1;. Based on the total
inertia, the contribution of each dimension can be determined by the percentage of inertia.
A
KA

X 100%,dengani = 1,2, ..., K 8)

2.3 Simplification of CA

2.3.1 AK2x]J

Let matrix M = ZZT, to minimize the computational process of the matrix, mathematical
calculations are presented in Theorem 1, Lemma 1, Lemma 2, Lemma 3, Lemma 4, Lemma 5,
and Theorem 2 by Ginanjar [9].

Teorema 1. If the size of matrix Nis I x J and ZZT = M, then 0 is an eigenvalue of the matrix
M.

Lemma 1. If the size of the matrix Nis I x J and ZZT = M, then m;, = ;(21 Rl _

JNiNg. j=1 n.j
ning. .
—") i=k =12,..,1.
n

Lemma 2. If the size of the matrix N is 2 x J and ZZT = M, then the elements of M = (my;,)

with i = k = 1,2 are obtained as m;; = ~2m,, = — /ﬁmlz = - fﬁmm.
ny. ny. ni.
Lemma 3. If the size of the matrix N is 2 x J and ZZT = M, then the first eigenvalue (1)

2 2
J Ny na

corresponding to M is —(Z]-ﬂ; n—), and the second eigenvalue(A,) corresponding to
. .

n.
nqnsy.
M adalah 0.
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Lemma 4. If the size of the matrix N is 2 xJ and ZZT = M, then the orthonormal
—Vn;. \/n_l)

Lemma 5. If the size of the matrix N is 2 xJ and ZZT = M, then the elements of the
orthonormal eigenvector corresponding to the first eigenvalue (4,) of M are bj; =
D, i = 1,2,..,].

JAngnpmn.’ J

Teorema 2. If the size of the matrix N is 2 X J, t hen the coordinates for the row variable F

eigenvectorsof Mare 4 = (d, d,) = \/%(

are given by F = m; Z] 1n—lj -1 <nj 8 g) and the coordinates for the column variable
g1 0

are G = gz . |with g; = —nzr’:i/%lz
g; 0

2.3.2 AK3 x]

Given a matrix M = ZZ" , to minimize the computational process, a mathematical analysis is
presented in Lemma 6, Lemma 7, Lemma 8, and Theorem 3 by Ginanjar [9].

Lemma 6. If the size of the matrix N is 3 x J with J > 3, and M = (im;;) is symmetric and has
a non-trivial solution, let f =my; + my, + m33, g = my My, + MyyMm33 + Myms3, and h =

_ f+/Pag—h) 4(g M g, =f—

m?, + mi; + m3; . Then the eigenvalues (1;,1,,15) of M are A;
Al' 13 = 0

Lemma 7. If the size of the matrix N is 3 X J with ] > 3, and M = (m;;) is a 3 X 3 symmetric
matrix with a non-trivial solution, and A, is the k-th eigenvalue of the matrix M, let 4, =
MMz — Myz3Myy + Mygdy, Aoy = MypMy3 — May3Myy + Ma3d , and dgp = (myy — A )(my, —
Ay) —m?, , Then the matrix A, where each column is an orthonormal eigenvector
corresponding to A, is 4 = (aj,), a = —%—,i =k = 1,2,3.

JEE
Lemma 8. If the size of the matrix N is 3 x J with J > 3, and 4, is the k-th eigenvalue of the
matrix M, and a;, is the i-th element of the left singular vector corresponding to 4, then b

the j-th element of the right singular vector corresponding to A, is given by by =

1 3 Qi
n—n]lk( = 1\/L_(Tlu ni.n.j)).
Teorema 3. If N = (ni]-) is a contingency table matrix of size 3 x J with ] >3 and M = (m;;,)
is symmetric and has a non-trivial solution for i,k = 1,2,3 then the principal coordinates for

n’l" i and G = (gj.), with

3
i= 1a1k

rows and columns are given by F = (f;;), with fi; =

1 3 dig
i = i n;n.—n.n.;
g}k n.j\/rf i=1 ( ij i ])

¢33 42
;. Yizq A

3  MATHEMATICAL RESULTS
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3.1 Case Study: Districts and Methods for handling fever in toddlers

The data focuses on the province of Banten, specifically the regencies of Lebak and
Pandeglang, with a total of 392 respondents. The respondents are relatives or guardians of
children under five years old. The data is presented in a contingency table as shown in Table
2. From Table 2, column profiles and row profiles can be obtained which can then be depicted
in two-dimensional and three-dimensional graphs, respectively. Column and row profile graphs
can be reduced to one dimension by performing projections.

Table 2 Case Study Districts and Methods for handling fever in toddlers

Methods for handling fever in toddlers
- A Visiting a
Districts \::i';wi%ea doctor/community Others Row totals
health center/hospital
Lebak 72 113 29 214
Pandeglang 73 85 20 178
Column totals 145 198 49 392
Visitinga  Visiting
midwife a doctor/ ... Others
72 113 29
P = Lebak ES E E
€ Pandeglang \ 1 — 7z 118 _20
145 198 49

Lebak Pandeglang

. -, . . 72 73

Visiting a midwife 214 178

. 113 85

Prow = Visiting a doctor/... 14 78
185 158
Others 1-—— 1——
214 178

The column and row profile plots are shown in Figures 1 and 2. Subsequently, using the chi-
square test y2, the independence of the two variables in Table 2 was tested, yielding a chi-
square statistic of y? = 0,23331 with 2 degrees of freedom. The calculated P-value was
0.3114, leading to the acceptance of the null hypothesis H,. Therefore, there is not enough
evidence to suggest a significant dependence between the two variables in Table 2 at the
0.05 significance level.

Using the simplification of CA by Ginanjar [9], the eigenvalues obtained are A, =
392 (7_22 1132 | 292 2142)_ 7604
214x178 T 1277595

st 08 T e T 592 and A, = 0. The obtained eigenvalues can be used to
determine the percentage of inertia of the dimension on the CA map. The percentage of the
first dimension is I; = 100%. The coordinates for the row variables and column variables,
represented by matrices FFF and GGG, can be directly computed using information from the
contingency table. This allows for the construction of a correspondence analysis map, as
shown in Figure 3.
-1 0
392 (722 1132 292 —0,0704 0
F= \/2142 (st o™ 1)(;‘; 0) = (00846 0)
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3.2 Case Study: Education level and Sources of stunting information

A chi-square y? test was conducted to test the independence between two variables in Table
3. The chi-square test statistic was found to be y? = 45,603 with 10 degrees of freedom. The
p-value calculated was 1,692 x 107° leading to the rejection of the null hypothesis H,.

Table 3 Case Study: Respondents’ Last Education Level and Sources of Information on

Stunting
Sources of stunting information
Education [ Community | Integrated ot | Et . Row
level Health Health z\ocu:a ectronic | \igwife | Others | totals
Center Post edia Media
< Jr High 107 8 10 3 37 2 167
Sr High 98 5 36 7 22 1 169
University 19 4 17 5 8 3 56
Column totals 224 17 63 15 67 6 392

Subsequently, the column profiles and row profiles can be obtained as follows:

Community Integrated . .
Health Health Social Electronic 4. Others

Center Post Media Media

< Ir High 107 8 10 3 37 2

< JrHig 224 17 63 15 67 6

. 98 5 36 7 22 1

= Sr High — = 2 e 22 1

Prolom g 224 17 63 15 67 6
University 1= B 1% 023
224 17 63 15 67 6

Using the simplification of CA by Ginanjar [9], the eigenvalues were obtained as A, =
0,094, 1, = 0,023, A3 = 0. This resulted in the first dimension is I, = 80,45% and the second
dimension is I, = 19,55%., respectively. The coordinates for the row and column variables,
represented by matrices F and G, can be calculated using Theorem 3, leading to the CA map
shown in Figure 5.

—0,162 0,060
—0,300 —0,094 0,093 —0,315
0,555 0,134

F=( 0098 0,166 |andG =
0,599 —0,222 0,606 —0,101
' ' —0,202 —0,157
0,705 —0,760
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Figure 4 Reduction of Column Profiles
(Education level and Sources of stunting
information)

4 CONCLUSION

The results for the left singular matrix, right singular matrix, eigenvalues, and principal
coordinates from CA are more accurate when calculated directly from the elements of matrix
N. The number of non-zero singular values vn in CA 2xJ with I <J is min(2,J])—1=1.
Meanwhile, the number of non-zero singular values v/n in CA 3 x J with I <] ismin(3,)) — 1 =
3. The CA map generated from the 2 x J matrix N is one-dimensional, with the percentage of
inertia explained by the first dimension being 100%. The CA map generated from the 2 x|
matrix N is two-dimensional, with the sum of the percentage of inertia explained by the first
and second dimension being 100%.

The Correspondence Analysis (CA) mapping provides insightful visualizations of associations
between variables. In our study, the proximity of "Seeking treatment at a doctor/community
health centre/hospital” to "Others” in the column profile reduction graph suggests a similar
distribution pattern. A one-dimensional reduction places "Lebak” near "Others," indicating a
notable association. Additionally, the close positioning of "University” with "Social Media" and
"Electronic Media" implies a relationship that warrants further analysis using the CA map.

The CA map reveals meaningful associations between different variables: For example,
respondents in Pandeglang are inclined to treat children’s fever by visiting a midwife, whereas
those in Lebak prefer doctors or community health centres. In terms of education level and
stunting information sources, individuals with lower educational attainment often rely on
midwives and community health centres, while those with higher education levels tend to
access information through social and electronic media.

These findings demonstrate the practical application of CA in uncovering relationships within
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complex datasets, relevant to the conference's focus on advanced methodologies in data
analysis and their implications in public health and social sciences. The ability to discern these
associations can inform targeted public health strategies and interventions, highlighting the
importance of sophisticated analytical techniques in addressing critical issues like stunting in
Indonesia.
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